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Abstract. In this paper some new inequalities are proved related to loft hand 
side of Hermite-Hadamard inequality for the classes of functions whose deriva- 
tives of absolute values are m— convex. New bounds and estimations are ob- 
tained. Applications for some Theorems are given as well. 



1. INTRODUCTION 

Let /:/—!> R be a convex function on the interval / of real numbers and a, 6 £ / 
with a < 6. If / is a convex function then the following double inequality, which 
is well-known in the literature as Hermite-Hadamard inequality, holds [see [S], p. 
137]; 

For recent results, generalizations and new inequalities related to the inequality 
presented above see 

In [TU], Toader defined the concept of m— convexity as the following; 

Definition 1. The function / : [0, 6] — > K, 6 > 0, is said to be m~convex, where 
m G [0, 1] , if for every x, y 6 [0, b] and t £ [0, 1] we have 

f{tx + m{l-t)y)<tf{x)+m{l-t)f{y). 

Denote by K„i{b) the set of the m— convex functions on [0, 6] for which f (0) < 0. 

Several papers have been written on m— convex functions on [0, b] and we refer 
the papers [7], [8], [9], [1^, [n], [ig, [13], [H, [H] and [l6]. In [TT], Dragomir and 
Agarwal proved following inequality for convex functions; 

Theorem 1. Let / :/ CM— >]R, be a differentiable mapping on and a,b € I , 
where a <b. If \ f'\'^ is convex on [a,b] , then the following inequality holds; 



(1.2) 



/(a) + f{b) 1 



f{x)dx 



^ {b^a){\f'{a)\ + \f'ib)\ 



2 & - a , 

In [4], Pearce and Pecaric proved the following inequalities for convex functions; 
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Theorem 2. Let / :/ CM— >]R, be a dijferentiable mapping on /° and a,b ^ I , 
where a < b. If |/'|' is convex on [a, b] for some q > I, then 

fia) + f{b) 1 



(1.3) 
and 
(1.4) 



a + b 



b — a 



b — a 



f{x)dx 



< 



b-a /|/'(a)r + l/'Wn' 



f{x)dx 



< 



fe-a /|/'(a)|' + |/'(6)|'V 



In [7], Bakula et al. proved the following inequality for m— convex functions; 

Theorem 3. Let I be an open real interval such that [0, oo) C /. Let f : I ^ R be 
a dijferentiable function on I such that f G L[a, b], where < a < b < oo. //|/'|'^ 
is m— convex on [a, b] for some fixed m £ (0, 1] and q £ [1, oo), then; 

b 




f{x)dx 



I f b \ q 



'm\f'{fj\' + \f'{br 



In |13] , Dragomir established following inequalities of Hadamard-type similar to 
above. 

Theorem 4. Let f : [0, oo) — > M 6e a m— convex function with m G (0,1]. // 
< a < 6 < oo and f £ Li [a, b] , then one has the inequality: 

1 r' fix)+mf{^) 



(1.5) 



/ 



< 



< 



b — a 
m + 1 



-dx 



/(«) + / W , ^/(^) + /(^) 



The following classical inequality is well-known in the literature as Favard's in- 
equality (see [H], [ini p.216]); 

Theorem 5. (i) (Favard's inequality) Let f be a non-negative concave function on 
[a,b]. If q>\, then 

\ 1 



(1.6) 



29 



1 



1 \ 6 - a 



f{x)dx\ > 



1 



b — a 



nx)dx. 



If < q < 1 the reverse inequality holds in U.6]) . 

(ii) (ThunsdorfJ's inequality) If f is a non-negative, convex function with f{a) = 
0, then for q>l the reversed inequality holds in fil.b]] . 

Motivated by the above results, in this paper we consider new Hadamard-type 
inequalities for functions whose derivatives of absolute values are m— convex by us- 
ing fairly elementary analysis and some classical inequalities like Holder inequality. 
Power-mean inequality and Favard's inequality. These new results gives new upper 
bounds for the Theorem 2-3. We also give some applications. 
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2. MAIN RESULTS 

To prove our main results, we use following Lemma which was used by Alomari 
et al. (see [5]). 

Lemma 1. Let / : / C M — > be a differ entiahle mapping on I where a,b £ I, 
with a < b. Let f £ L[a, b], then the following equality holds; 



f 



a + b 



b — a 



f{x)dx 



b — a 



1 

tf (^t^ + (l-t)a) dt + J it-l)f' (^<6+(l-i)^) 



dt 



Theorem 6. Let f : [0, oo) — s> M, be a differentiate mapping such that f G L[a, b]. 
U I /'I m— convex on [a, b] , where < a < b < oo and for some fixed m G (0, 1] , 
then the following inequality holds; 



(2.1) 

where 
Ti 

To 



T. = 



f 



b — a 
12 

b — a 
12 

b — a 
12 

b ~ a 
12 



a + b 



1 



6- 



f{x)dx 



< min {Ti,r2,T3,T4} 



I f a + b 



r 



2 

a + b 



m 



\n£)\ + \r{^)\ 



, f a + b 



2 

I f a + b 



2m 



2m 
I f a + b 



2m 



, f a + b 
2m 



^\fi^)\ + \fib)\ 



Proof. From the equality which is given in the Lemma 1 and by using the properties 
of modulus, we have 



(2.2) 



a + b 



1 



b — a 



f{x)dx 



< 



6-1 



f'(t^^ + il-t)a 



dt 



l\t-l\\f'(tb+il-t)^^) 



dt 



By using m— convexity of |/'| on [a, 6] , we know that for any t G [0, 1] 

, /a + 6^ 



(2.3) 
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and 
(2.4) 



ritb+{i-t) 



a + b 



<{l-t) 



, f a + b 



rat 



f 



From the inequalities p.3|) and p.4|) . we obtain 



a + b 



1 



< 



b — a 



t t 



b — a 
I f a + h 



f{x)dx 



+ {l-t){{l-t) 



I f a + b 



mt 



f(^ 



dt 



dt 



By calculating the above integrals, we get the following inequality; 
(2.5) 

b 



f 



a + b 



1 



b — a 



f{x)dx 



< 



b — a 
T2~ 



/' 



I ( a + b 



|/'(iL)| + I/' (A 



Analogously, we obtain the following inequalities; 
(2.6) 



/ 
(2.7) 

/ 



6-1 



12 



/' 



, f a + b 



I f a + b 
2m 



a + b 



6- 



f{x)dx 



< 



b — a 



12 



l/'WI + l/'WI 



2m 



a + b 
2m 



and 
(2.8) 



/ 



a + b 



b — a 



f{x)da 



< 



12 



I f a + b 



I ( a + b 
2m 



From the inequalities ((2?5l) . (|2J]) . (|2J)) and (fZl)) . we get the desired result. □ 

Corollary 1. // we choose m ~ I in 112.1]) . we obtain the inequality; 
b 



I 



a + b 



1 



b — a 



f{x)dx 



< 



b — a 



r 



I ( a + b 



Corollary 2. Under the assumptions of Theorem 6; 

i) If we choose m = 1 and \f'\ is increasing in 112. we obtain the inequality; 



f 



a + b 



1 



f{x)dx 



< 



b — a 



f 



I ( a + b 



I/' (6)1 
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ii) If we choose m = 1 and |/'| is decreasing in i2.1\) . we obtain the inequality; 



f 



a + h 



b — a 



f{x)dx 



< 



b — a 



f 



I ( a + b 



■i) If we choose m — \ and |/' (^^) | = m fi2. 1]) . we obtain the inequality; 

b 



f 



a + b 



1 



6-1 



f{x)da 



< 



b_c 



I/' («)! + !/' (6)1 



iv) If we choose m = 1 and |/' (a)| = |/' (6)| =0 in i2.1]) . we obtain the inequal- 



ity; 



a + b 



b — a 



f{x)dx 



< 



6_i 
6 



I ( a + b 



Theorem 7. Let f : [0, oo) — > M , be a differentiable mapping such that /' G L[a, b]. 

V 

If l/'l is vn— convex on [a, 6] , where < a < b < oo, for some fixed m G (0, 1] 
and p > 1, then the following inequality holds; 



(2.9 



a + b 



1 



b — a 



f{x)dx 



b~a /IX' 

< r t: niin {Ui, U2, U3, U4} 

4:{p+l)^ 

b~a fl 



< 



-) min{C/i,(72,C/3,(74} 



where - + - = 1 and 

q p 



I f a + b 



Ui = 



U2 = [\na)\' + m 



- (\f'{a)\' + m 



f'(^ 

, fa + b^ " 



I f a + b 



/' - 

m 



2m 

I f a + b 
2m 



I f a + b 



/' - 

TO 



q\ 5 



i/'(6)r+TO 



I ( a + b 



2m 



9\ 9 



[/4 = 



/' 



I ( a + b 



/' - 

TO 



f 



I ( a + b 



\ TO 



Proof. From Lemma 1 and by using the properties of modulus, we have 
(2.10) 



/ 



a + b 



1 



b ~ a 



f{x)dx 



< 



b — a 



„, f a + b 



dt- 



1 



f'[tb+{\~t) 



a + b^ 



dt 
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By applying the Holder inequality to the inequality p.lOp . we get 

b 



f 



a + b 



1 



5- 



f{x)dx 



< 



b — a 



p / 1 



tPdt 



„, f a + b 





1 

p / 1 



+ (1 - tf dt 

It is easy to see that 



dt 



dt 



1 1 
tPdt= ( {1-tfdt 



1 



p+1 





Hence, by m— convexity of j/'j"^ on [a, b] , we obtain the inequality; 

b 



(2.11) 



/ 



a + b 



1 



b ~ a 



< 



b-a /W" 



4:{p+l)P 



f{x)dx 
, f a + b 



^'(-) 



q\ 1 



r 



, ( a + b 



r 



By a similar argument to the proof of Theorem 6, analogously, we obtain the 
following inequalities; 

b 



(2.12) 



/ 



a + b 



1 



b — a 



< 



b-a /1\' 



4(^+1)" 



/' 



(2.13) 



a + b 



5- 



< 



1 r 

b — a / 1\ " 



4(p+l)p V2 
+ (\f' (6)r + m 



/' 



f{x)dx 
I/' (a^ + m 

f{x)dx 

I/' {af + m 

1 

a + b 



f 



I ( a + b 
2m 



r 



a + b 
2™ 



2ra 
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and 
(2.14) 



a + b 



< 



b - a / 1\ ' 



4(p+ l)p \2, 
I., ( a + b 



f{x)dx 



, f a + b 



+ m 



From the inequalities ()2.1ip - ()2.14p . we obtain the inequahty in ()2.9p . The second 
inequahty in ()2.9p foUows from facts that; 



1 \ " 



hm 



and 



= 1 



< 



hm 



' p-^i+ \1 + p 



1 



1 \ P 



1+p 



< 1. 



□ 



Corollary 3. Under the assumptions of Theorem 7, if we choose m = 1, we obtain 
the inequality; 



a + b 



1 



b — a 



< 



b ~ a /l\ « 



4(p+ l)p V2 



f{x)dx 
f a + b 



f 



I f a + b 



Corollary 4. Under the assumptions of Theorem 7; 

p 

i) If we choose m = 1 and \f'\''^^ is increasing in V2.y\] . we obtain the inequality; 
b 

r, (a + b^ « 



/ 



a + b 



1 



b — a 



f{x)da 



< 



b — a 



4(p+ l)p 



a) If we choose m — 1 and \ f'\''^^ is decreasing in i2.9]) . we obtain the inequality; 
b 



f 



a + b 



1 



b — a 



f{x)dx 



< 



6-1 



4(p+ l)p 



/' 



, ( a + b 



+ i/'(«)r 



Hi) If we choose m = 1 and |/' (^y^) | ^ ~ in (2.y\) . we obtain the inequality; 



6- 



f{x)da 



< ^ \ (lY i\ria)\ + \rm. 



A{p+l) 
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iv) If we choose m — 1 and |/'(a)|p"i ~ \f' (b)]''-^ — in S2.9\) . we obtain the 
inequality; 



a + b 



b — a 



f{x)dx 



< 



b-a /I 



4(p+ l)f 



I f a + b 



Theorem 8. Let f : [0, oo) — >■ K , be a differentiate mapping such that f S L[a, b]. 
U l/'l' m— convex on [a, b] , where < a < b < cxd, for some fixed m G (0, 1] and 
g > 1, then the following inequality holds; 



(2.15) 

where 
Vi = 

V3 = 



a + b 



1 



b — a 



I ( a + b 



(a)|' + - 



m 
6" 



f{x)dx 



< 



5- a /I 



4 V2 



3 



/' 



771 

"6 



I ( a + b 



2m 

I f a + b 
2m 



f 



I f a + b 



m 
6" 



/■ 

I f a + b 



f 



I f a + b 



ra 
6" 



2"! , , , 

, fa_+_b^ " 
2to 



Proof. From Lemma 1, we can write 

6 



/ 



a + b 



1 



b — a 



f{x)dx 



< 



b — a 







1 

/' (^t^^ + il-t)a^\dt + J \t~l\\f' (^tb+{l-t)^^~^ 



dt 



By applying the Power-mean inequality, we get 

6 



< 



/ 



6- 



a + b 



1 



6- 



f{x)dx 



9/1 



+ / (1 - t)dt 



dt 
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Now by using m— convexity of j/'j"^ on [a,b] and by computing the integrals, we 
obtain the foUowing inequahty; 



(2.16) 



6- 



< 



b-a fl 



, f a + b 



+ 



f{x)dx 

,(a^b^ " 
2 

/' 



m 

^6 

1 



Hence, by a similar argument to the proofs of Theorem 6-7, analogously, we obtain 
the following inequalities; 



(2.17) 



< 



a + b 



b-a fl 



1 



b — a 
1 



f{x)dx 



i/'(«)r 



, f a + b 



m 
6" 



m 
3" 

b 

m 



r 



a + b 
2m 



(2.18) 



and 



< 



a + b 



b-a /I 



1 



b — a 
1 



f{x)dx 



^i/'(«)r+y 



a + b 
2m 



/' 



2m 



(2.19) 



< 



a + b 



b-a /I 



b — a 



4 V 2 
'1 



f{x)dx 



, ( a + b 



m 
6" 



/' - 

\m 



I ( a + b 
2m 



By the inequalities (|2.16p - (|2.19p . we obtain the inequality (|2.15p . 



□ 
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Corollary 5. Under the assumptions of Theorem 8, if we choose m = l, we obtain 
the inequality; 

b 



I 



a + b 



1 



b — a 



< 



b-a /I 



f{x)dx 



I ( a + b 



I ( a + b 



Corollary 6. Under the assumptions of Theorem 8; 

i) If we choose m = 1 and \ f'\^ is increasing in i2.15\} . we obtain the inequality; 
b 



f 



a + b 



1 



b~ 



f{x)dx 



a 



< 



b-a /1\ " \ 



r 



I ( a + b 



a) If we choose m — 1 and |/'|' is decreasing in 112.1 5]) . we obtain the inequality; 
b 



a + b 



1 



5- 



f{x)dx 



< 



b-a ' /I 



/' 



I ( a + b 



I/' HI' 



/ 



a + b 



1 



b — a 



I I a+b \ \1 _ 

b-a /1\ « 



Hi) If we choose m — 1 and |/' — in i2.15\) . we obtain the inequality; 

b 



f{x)d. 



< 



8 



iv) If we choose m — 1 and \f' {a)\'^ = \f' {b)\'^ = in 112. 15\) . we obtain the 
inequality; 

b 



f 



a + b 



1 



5- 



f{x)dx 



< 



b-a n 



/' 



I ( a + b 



Theorem 9. Let f, g : [0, b] R, be concave and m— concave functions, m £ (0, 1], 
where < a < b < oo and q > I. Then 



f 



a + b\ f a + b 
9 



> 



jp + i)^ (g + 1)^ 
16 



6-1 



fix) + mf 



/ X 

g{x)+mg[ — 



dx 



where - + - = 1. 

q p 



If fj9 convex and m— convex functions, with /(O) = 0, then the reverse of 
the above inequality holds. 

Proof. Since f,g are m— concave, by using the inequality (jl.Sp . we can write 



> 



b — a 



f{x)+mf I 



-dx 
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and 



a + b 



< 



-f 



g{x) + mg (^) 



dx. 



By using Favard's inequality for p— th powers of both sides of inequality, we have 



1 ff{^) + mf{^) 



> 



b 

P+1 
2'P 



dx 



hi 



dx 



and similarly, we have 



It follows that 



a + b\ ^ q+1 
- 21 



a + b\ ^ jp+l)" 



hi 





hi 



' {x)^mg{f^,V 



dx 



and 



a^b\ ^ (g+1)' 



b — a 



'g{x)+mg{^) 



dx 



dx 



By multiplying both sides of the above inequalities, we get 



a + b\ f a + b 
9 



> 



ip + l)^ {q + l)" i 1 



b^j 



dx 



b — a 



'g{x) + mg{^) 



dx 



By using Holder inequality, we have 

(p + 1)^ (9 + 1)' 



a + b\ (a + b 
9 



> 



16 



/ f{x) + Tnf ( — ) g{x) + mg(—) 



dx 



If /, g are m— convex, then using Thunsdorff 's inequality we obtain desired result. 

□ 
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Corollary 7. Under the assumptions of Theorem 9, if we choose m — 1, we obtain 
the inequality; 



f 



9 



a + b 



> 



(p+ l)'- (q + iy^ 



3^ j f{x)g{x)dx 1 . 



3. APPLICATIONS TO SOME SPECIAL MEANS 

We now consider the applications of our Theorems to the following special means 

a) The arithmetic mean: 

A = A{a,b) ■.= '^—^, a,b>0, 

b) The logarithmic mean: 



L = L{a,b) := 
c) The p— logarithmic mean: 



a if a = 6 

fc-g ;f ^ ^ u I a, o>0, 

In 6— In a 



if a^b 



Lp = Lp (a, 6) := 



bP+i_„P+i 



(p+l)(&-a) 



1/p 



"-^^ , j3eR\{-l,0}; a,b>0. 
if a = b 



We now derive some sophisticated bounds of the above means. 
Proposition 1. Let a,b gR, < a < b and n e Z, |n| > 2. Then, we have: 
{a, b) - LI (a, 6)| < min {Kx, K2, Ks, K^} 



where 
Ki = 

K2 = 

K3 = 

= 



n{b- 


a) 


12 




n{b- 


a) 


12 




n{b- 


a) 


12 




n{b- 


a) 


12 



2\A{a,b)f-^ +m 



|A(a,6)|"-'+m 



A 

A (a, 6) 



(-) 

n-l 



n-1^ 



m 



■ A ( |a|" ' , TO 



6 




TO 


n-1^" 



A (lap-' + 161"-')+ 2m 



A (a, 6) 



TO 



n-l 



|A (a, 6)1"-'+ TO 



A (a, 6) 


n— 1 / 

+ A ( TO 


a 


n-l ,\ 


TO 




TO 





Proof. The proof is immediate from Theorem 6 applied for f{x) = x", which is an 
m— convex function. □ 

Proposition 2. Let a,b gR, < a < b and n G Z,\n\ > 2, k > 1. Then, we have: 



A^ (a, 6) - L^ {a, 6) 



< 



6 - a / 1\ " 



4 V 2 



mm{Li,L2,L3,Li} 
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where 



Li = -2A 



i|(^(a,6))|^,| 



+ \2A\-\iA{a,b))\- 



Lo = -2A 



„ , , 1 , I q("-k) rn 











m 


b 






6" 


m 




) 








k) 



A{a,b) 



m 



1 q(n — k) rn 

2A\-\{A{a,b))\^,j 



L. = ^2 A 



„ , , 1 , I q(r>.-k) fxi 











b 




■) 


) 


m 














k) ^ 



A{a,b) 



m 



„ , , 1 ,, I ^("-fc) m 



A{a,b) 



m 



q(n — k) \ \ q 



La = -2A 



I 1 q(n — k) 777 

-|(A(a,6))|^,- 



A{a,b) 



m 



q(n — k) \ \ q 



Proof. The assertion follows from Theorem 8 applied to f{x) = , which is an 
m— convex function. □ 
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